Abstract: A calculation of the renormalization group improved effective potential for the gauged U(N) vector model, computed to leading order in 1/N, all orders in the scalar self-coupling λ, and lowest order in gauge coupling g 2 , is presented. It is shown that β λ has an infrared fixed point for λ(M 0 ) = 6 g 2 (M 0 ) to this order, where M 0 is the mass-scale at which the coupling constants are specified. As a consequence, the theory is asymptotically free for λ < 6g 2 , and the effective potential behaves qualitatively like the tree-level potential. For λ > 6g 2 the theory exhibits all the difficulties of the ungauged (g 2 = 0) vector model. A zero-mass U(N) singlet scalar bound-state develops at the infrared fixed point. It is argued that higher orders in g 2 (for g 2 (M 0 ) not too large) will not affect the qualitative features of our conclusions. That is, the theory is consistent (only) in the asymptotically free phase.
Introduction
The search for non-perturbative methods in quantum field theory remains a central issue of the subject. Although great progress has been made recently using duality [1] , there is still considerable interest in other approaches to strong-coupling questions, particularly as the new methods are limited to supersymmetric theories at present. One of the other techniques most frequently considered is the 1/N expansion for a theory with internal symmetry, continued to O(N) or U(N) for example. Applications include 't Hooft's analysis of gauge theories [2] , the demonstration of string behavior in two-dimensional QCD [3] , and of O(N) invariant λφ 4 theory [4, 5] .
The 1/N expansion for λφ 4 theory (in 3+1 dimensions) with O(N) symmetry (the so-called vector model) has been extensively studied as a renormalized field theory [4, 5] . However, the renormalized vector model encounters a number of problems [5] . Among these are:
(1) The effective potential of the theory is double-valued, where the lower branch of the potential exhibits unbroken internal symmetry at it's minimum, i.e., φ a = 0 [See Fig. 3 of Abbott, et al., Ref. 5.] This phase is tachyon-free in all orders of the 1/N expansion. The upper branch of the effective potential does allow a spontaneous broken symmetry, but at the expense of the appearance of tachyons, which signals a decay to the lower energy phase. In higher orders of the 1/N expansion, the upper branch of the effective potential becomes everywhere complex.
(2) The effective potential has no lowest energy bound as the external field φ → ∞. The tachyonfree phase (i.e., with φ a = 0) tunnels non-perturbatively to this unstable vacuum.
(3) Most importantly, it is widely believed that λφ 4 in four dimensions is actually a trivial field theory [7] .
These difficulties make the renormalized vector model, evaluated in the 1/N expansion, un-suitable for phenomenology. There was also interest in studying this model in the double-scaling limit [6] , where one considers the correlated limit, N → ∞ and λ → λ c , where λ c is a critical value of the coupling. Unfortunately, just at the critical point, the effective potential becomes everywhere complex [8] , so that particular application of the vector model is also not possible.
One response to these problems is to consider a cutoff version of the vector model in the 1/N expansion [9, 10] . In that case a viable phenomenology, with spontaneously broken symmetry and no tachyons, does exist to leading order in 1/N. [Unfortunately, a double-scaling limit is still not possible even in the cutoff-version of the vector model [10, 11] .] Since a cutoff mass Λ represents an energy scale above which the scalar fields have significant interactions with other degrees of freedom, the cutoff λφ 4 theory cannot be regarded as a closed system, in that there are degrees of freedom which have been neglected, and in some sense incorporated into the cutoff Λ.
The question is then how should one couple the scalar fields to additional degrees of freedom, so that the system is consistent with just these degrees of freedom and no cutoff? In this paper, we argue that this can be accomplished in the 1/N expansion by gauging the scalar fields, if the scalar self-coupling is not too large relative to the gauge coupling. If it is, one returns to all the difficulties of the ungauged model. The gauged vector model in the 1/N expansion was previously considered by Kang [12] .
However, his calculation is inadequate for our purposes, as the renormalization scheme chosen would not allow for a conventional Higgs mechanism. More importantly, the conclusions drawn by Kang were not reliable [13] , as they depended on features of the effective potential outside the domain of validity of the calculation, as evidenced by large logarithms. In our work we remedy both of these difficulties.
In Sec. 2 we formulate the gauged vector model, and solve for the effective potential to leading order in 1/N, to all order in λ, and to leading order in g 2 . A renormalization group improved effective potential is constructed, with the results analyzed in Sec. 3. The β-function, β λ , has an infrared fixed-point at λ = 6g 2 (to our order), and the model is asymptotically free for λ < 6g 2 . We argue that the theory is consistent, in that the difficulties found by Abbott, et al., [5] are absent in this phase. Several other issues are discussed in Sec. 4, such as higher orders in g 2 and the gauge dependence of the effective potential. It is argued that these considerations will not alter the qualitative conclusions of Sec. 3. In Sec. 4 there is also a brief discussion of possible phenomenological implications of our calculation. Sec. 5 is devoted to a summary and conclusions.
The Gauged Vector Model
Let us consider a theory of gauged complex scalar fields in the fundamental representation of U(N), with gauged-fixed Lagrangian density [12] 
In (2.1) φ transforms in the fundamental representation of U(N), the gauge field (ghost) A µ (C) transform in the adjoint, and χ is a U(N) singlet. The field χ serves as a Lagrange parameter, which if eliminated, reproduces the usual λφ 4 scalar self-interactions. [The coupling constants and fields have been rescaled so that N is an overall factor of the Lagrangian, and hence 1/N is a suitable expansion parameter.] In the absence of the gauge couplings, (2.1) reduces to the usual vector model with U(N) symmetry [4, 5] .
In this section we present the results of a calculation of the effective potential derived from (2.1) to leading order in 1/N, to all orders in λ, and leading order in g 2 . [In Sec. 4, we discuss possible consequences of higher orders in g 2 .] It is convenient to work in Landau gauge (ξ = 0), so that the gauge parameter will not be renormalized. The resulting effective potential is renormalized using modified minimal subtraction, with the relevant relations between bare and renormalized quantities to the order indicated above being
The subscripts b and r refer to bare and renormalized quantities respectively, while M is an arbitrary renormalization mass-scale. [Note that in the 1/N expansion it is natural to renormalize 1/λ rather than λ.] The resulting renormalized effective potential is
where c is a numerical constant not relevant to our order. [The subscripts r will be omitted in all that follows. For convenience we write φ 2 instead of |φ| 2 .] One is interested in the ultraviolet behavior of the effective potential to see if the difficulties found by Abbott et al., [5] have been eliminated.
However, when χ/M 2 >> 1, one encounters large logarithms which make (2.3) unreliable in that region. Therefore we consider the renormalization group improved effective potential, which will provide an effective potential which is independent of M , to the order we are working, and suppress the dependence on large logarithms.
To this order, we want an effective potential which satisfies 4) and agrees with (2.3) when expanded in g 2 and ln(χ/M 2 ). The β-functions and anomalous dimensions appearing in (2.4) are
It is useful to define
Note that the conventional β λ function is related to (2.5a) by
The solution to (2.4) and (2.5), with (2.3) as boundary condition, gives the renormalizationgroup improved effective potential
In solving (2.4) and (2.5), terms not explicitly shown, such as the O(g 3 ) term in β g , are beyond the order to which we are working, and are taken to be zero. In higher orders the anomalous dimension of χ is no longer −γ φ . The gap equation ∂V ∂χ = 0 provides the relation between φ 2 and χ, i.e.,
It is difficult to solve for χ in terms of φ 2 , so that we are only able to evaluate V vs. φ 2 numerically.
However, one can eliminate φ 2 from (2.7), using (2.8), which will be useful in understanding our results. On substituting for φ 2 in (2.7) one finds
It is possible to recast (2.9) in a form in which the arbitrary mass-scale M does not explicitly appear. Let M 0 be the mass-scale at which the coupling constants and "composite" field χ are defined. Thus 10) [Recall that g 2 does not run to this order.] Then
Thus, λ < 6g 2 is a renormalization group invariant statement to this order. Eq. (2.9) can be rewritten, 13) with φ 2 implicit in χ 0 , as obtained by substituting (2.12) into (2.8) .
In the next section we analyze (2.7) to (2.13) and their consequences.
Renormalization Group Improved Effective Potential
The renormalization group improved effective potential is given by (2.7), (2.9) or (2.13) with the relation between φ 2 and χ provided by (2.8) . It is most important to observe, from (2.6) that β λ has an infrared fixed point at λ = 6g 2 + O(g 4 ).
[One can verify that this β λ function agrees to leading order in 1/N with the two-loop calculations of Machacek and Vaughn [14] , and as they emphasize, is gauge invariant.] Most importantly, note that (2.11) then implies that the relations λ > 6g 2 or λ < 6g 2 are renormalization group invariant criteria, to the order we are working.
In Fig. 1 we plot β λ vs. λ for a typical (small) value of g. It is evident that for λ < 6g 2 , the theory is asymptotically free, with an infrared fixed-point at λ = 6g 2 . Thus, the theory has two distinct phases, with λ > < 6g 2 being renormalization group invariant and gauge invariant specification of these phases (to our order). In Fig. 2 V (φ 2 ) is plotted versus φ 2 for a typical λ < 6g 2 , µ 2 < 0, while in Fig. 3 It is most striking that in the asymptotically free phase (λ < 6g 2 ; Fig. 2 ) V (φ 2 ) behaves qualitatively like the tree-approximation. By contrast in the other phase (λ > 6g 2 ; Fig. 3 
behaves qualitatively like the effective potential with g 2 = 0 analyzed by Abbott, et al. [5] .
[Compare Fig. 3 of Ref. 5 with our Fig. 3 .] In the phase λ < 6g 2 the theory supports spontaneous symmetry breaking for µ 2 < 0. One can argue that this phase is tachyon free, while for λ > 6g 2 , the lower branch of V (φ 2 ) does not have spontaneous symmetry breaking at the minimum. It can be argued that this phase has tachyons on the upper branch, exactly as in Abbott, et al. [5] .
The infrared fixed point at λ = 6g 2 is particularly interesting, as it divides the two phases (λ < 6g 2 ) without tachyons, from that with tachyons (λ > 6g 2 ). It is therefore expected that for λ = 6g 2 one will have a zero-mass, U(N) singlet scalar bound-state. This can be argued as follows.
At the infrared fixed point (a renormalization group invariant statement), the gap equation
and the effective potential is
so that there is spontaneously broken symmetry for µ 2 /λ < 0. If so, then the minimum of (3.2) occurs atφ However,
so indeed the curvature of the effective potential vanishes at the minimum (due to the anomalous dimensions) exactly as expected for a zero-mass bound state. The evidence is that the infrared fixed point of β λ divides a tachyon free-phase from a phase with tachyons. That is, the zero-curvature of the effective potential at its minimum indicates that a zero-mass U(N) singlet, scalar bound-state occurs when λ = 6g 2 . Calling the scalar bound-state the "Higgs" of the model, the "Higgs" mass satisfies 3.6) to the order we are working.
Other Issues

A. Higher Orders in g 2
To the order we are working, the gauge coupling does not run. [cf. (2.5b) .] However in next order 16π
so that g(M ) will "run" with the mass-scale M . In general, we expect the effective potential to be of the form V (λ(M ), g 2 (M )) as can be deduced from (2.4) and (2.5) . One expects that higher orders in g 2 will not remove the infrared fixed point of β λ [cf. (2.5a)], but only correct the position of that fixed point. We argue below that β g , however, will not have a non-trivial fixed-point to leading order in 1/N. where we have expressed the β g function in terms of the rescaled coupling constant of (2.1). Observe to leading order in 1/N, the scalar fields make no contribution to (4.2) , consistent with the 't Hooft analysis [3] of Yang-Mills theory coupled to matter in the fundamental representation. To leading order in 1/N, internal loops for matter in the fundamental representation are negligible. Thus (4.2) is also the β g function of pure Yang-Mills, to leading order in 1/N. Hence we expect g 2 (M ) to acquire a Landau-pole in the infrared region in any finite order in g 2 . As a consequence,
will also acquire a Landau pole in finite orders of g 2 . This should not be regarded as a "disease" of the model (contrary to the situation studied by Abbott, et al., [5] for g 2 = 0), but rather a signal of the presumed confinement of "colored" degrees of freedom.
Since even in leading order in 1/N, we cannot calculate
what is the value of our calculation (2.9) and following? In fact, our calculation clearly shows how the asymptotic freedom and fixed point exhibited by β λ can cure the difficulties of the ungauged vector model with the infrared fixed point in β λ dividing the theory into two phases, one of which is asymptotically free, with a lowest energy state bounded from below. We would not expect the inclusion of higher orders (or all orders) in g 2 to spoil this conclusion. That is, for λ(M 0 )/g 2 (M 0 ) not too large, the theory is expected to be asymptotically free, and consistent, while if
becomes too large, one expects all the difficulties of ungauged theory. [The ratio
which specifies which of the two-phases one is considering should be defined at some boundary mass-scale M 0 , analogous to (2.11).]
B. Gauge Invariance
It is known for some time that the effective potential is not gauge invariant [16, 17] . How does this impact our results? We address this issue in this subsection.
By construction the effective action Γ(φ, χ, A µ ) is gauge invariant, as is
when evaluated at the stationary pointsφ,χ,Ā µ defined by
Thus, the effective potential at the stationary points is gauge invariant. In this paper we have considered V (φ,χ, 0), which is obtained from
which need not be the stationary points of (4.4). However it has been shown that by Fukuda and Kugo [17] that there are a wide class of "good gauges" where V (φ,χ, 0) is gauge invariant, and correctly describes the stationary points of (4.4) by means of (4.5) withĀ µ = 0. The "good gauges" include covariant gauges, Landau gauge, R ξ gauge, axial gauge . . . . [By contrast in a bad gauge,Ā µ (x) = 0 at the stationary points, andφ(x) has x dependence to compensate that ofĀ µ (x) and restore Lorentz invariance.] The Landau gauge employed in this paper is a good gauge.
In more detail, it can be shown [17] that the total variation with respect to gauge parameter satisfies a renormalization group type equation, where schematically [using 2 N real fields φ i for the
where F (φ, α, A µ ) is a functional of the fields and (4.8) This means that the explicit gauge dependence cancels the implicit gauge dependence of the parameters (µ 2 /λ) and λ at the critical pointφ. Therefore, the value of the effective potential is gauge invariant at the critical points, so that one can select the critical point with the lowest value of the effective potential V in a gauge invariant way. [Spontaneous symmetry breaking is a gauge (4.10) Recall, that at the infrared fixed point, both ∂V ∂φ 2 φ = 0 and 4.11) [c.f. (3.3) to (3.5) .] Hence at the infrared fixed point, one also has at the stationary point of V , (4.12) This means that at the fixed point, not only is V (φ) gauge invariant, but ∂V ∂φ φ is as well. Thus, for this case, the vanishing of (3.3) atφ given by (3.4) is a gauge invariant criterion, as expected for a zero-mass bound-state.
In general, the effective potential is not gauge invariant [16, 17] so that the effective potential need not have the specific behavior of Figs. 2 and 3 . However, the beta-function β λ is gauge invariant [14] , and as a consequence so it its infrared fixed point, so that the separation into asymptotically free and non-asymptotically free phases is a gauge invariant concept. Thus one expects the resolution of the difficulties of the ungauged vector model provided by the asymptotically free phase to be a physical feature of the model. The definitive test of these ideas would be the construction of the renormalization group improved effective action. That is a difficult calculation outside the scope of this paper. This is presently under consideration. 
C. Phenomenological Implications
Conclusions
We have presented a calculation of the renormalization group improved effective potential for the gauged vector model, computed to leading order in 1/N, all orders in λ, and leading order in g 2 . It was shown that, to this order, β λ has an infrared fixed point at λ(M 0 ) = 6g 2 (M 0 ), where M 0 is the mass-scale at which the coupling constants are defined. For λ < 6g 2 , the effective potential behaves qualitatively like that of the tree-approximation. The theory is asymptotically free in this phase. For λ > 6g 2 the effective potential exhibits all the difficulties found previously for the ungauged theory (g 2 = 0) [5] . At the infrared fixed-point, a zero-mass U(N) singlet scalar bound-state emerges.
In Sec. 4 a number of issues are discussed. There it is conjectured that higher orders in g 2 , and consideration of the gauge dependence will not affect these qualitative conclusions, as the β λ function is gauge invariant, and higher-orders in g 2 (for g 2 (M 0 ) not too large) are not expected to remove the infrared fixed-point. If so, then the separation of the theory into two-phases, depending on the magnitude of λ(M 0 )/g 2 (M 0 ) will be a definitive feature of the theory. Although one can provide strong arguments that this behavior is likely, it remains a conjecture. Hence the question in the title of the paper.
The model may have phenomenological implications for Higgs physics as well. An experimental finding that m 2 H /m 2 V >> 1 is extremely difficult to achieve in a model of the type described in this paper. In the context of the vector model, this would indicate a need for a cutoff version of the model, or some other modification.
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